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Abstract: An analytical water relative model based on the theory of coupled electricity-seepage and capillary bundle pore 

structure is described. The model shows that the relative permeability of water is affected by two kinds of parameters, 

which are depicted as static parameters and dynamic parameters. Revised Kozeny-Carman equation and Archie formulas 

are introduced to deduce the model, which enhance the characterization ability of pore structure. Two displacing states, 

where we summarized that oil coats capillary walls and oil occupies capillary centers are also discussed for optimization 

of the model. In contrast to existing empirical formulas where relative permeability is strongly related to capillary pres-

sure and fractal dimension, we introduce only water saturation and saturation index as input parameters, which make the 

model simpler to use. Petrophysics and unsteady relative permeability experiments (oil displacing water) are carried out to 

testify the two models. The fitting results show that for oil displacing experiments presented in this paper, the displacing 

state where oil coats capillary walls is suitable to predict the relative permeability of water. 

Keywords: Archie formulas, coupled electricity-seepage, displacing state, relative permeability of water, revised Kozeny-
Carman equation.  

1. INTRODUCTION 

Relative permeability is the ratio of the fluid effective 
permeability to the absolute permeability, which strongly 
depends on the saturation and property of fluids in porous 
media. Relative permeability is a critical parameter in reser-
voir evaluation, oil & gas development, etc. Purcell [1] es-
tablished relative permeability models based on capillary 
pressure by integral equation method. Burdin [2] modified 
Purcell model by introducing tortuosity factor of porous me-
dia. Corey [3] obtained an analytical solution of relative 
permeability by analyzing the relationship between capillary 
pressure and saturation. Prison [4] also established an em-
pirical equation of relative permeability. Brooks et al., [5] 
revised Corey’s model and presented a relative perfect rela-
tionship equation between relative permeability and satura-
tion. He et al., [6], and Zhou et al., [7] established relation-
ships among relative permeability, saturation and fractal di-
mension through fractal theory of porous media. Olafuyi  
et al., [8] conducted relative permeability experiments after 
researching small core samples percolation model systemati-
cally. Li [9, 10] developed relationships among relative per-
meability, capillary pressure and resistivity index by the 
similarity of percolation and electricity field in bundle-like 
porous rock. 

From the review of literatures we found that nearly most 
of relative permeability models presented ever are related to  
 

*Address correspondence to this author at the School of Geosciences, China 

University of Petroleum, Qingdao, China; Tel: +8613646428362;  

E-mail: gexinmin2002@163.com 

capillary pressure data. However, capillary pressure data are 
also not easy to obtain, and the application of such models is 
greatly restricted. To overcome these limitations, the paper 
presents a new model by the theory of coupled electricity-
seepage and capillary bundle pore structure. We concluded 
the relative permeability model of water by introducing 
Kozeny-Carman equation and Archie formulas. The new 
model incorporates with tortuosity, shape factor, surface 
volume ratio, etc. We then proposed two ideal displacing 
states to solve surface volume ratio and to get the analytical 
solution of the model. We conducted unsteady relative per-
meability experiments and petrophysics experiments to tes-
tify the models. 

2. THEORETICAL APPROACH 

According to Kleinberg et al., [11], the revised Kozeny-
Carman equation of capillary bundle-like porous rock can be 
expressed as. 

  

K =
v ( A / V )

grain

2
 (1) 

Where v  is the shape factor,   
( A / V )

grain is the ratio of pore 
surface to volume,  K  is the absolute permeability of porous 
rock,  is the porosity and is the tortuosity. Formula (1) 
shows that the absolute permeability in porous rock depends 
on porosity, pore’s connectivity and the contact property 
between pores and grain. 

We introduce capillary bundle model and bulk volume 
physical model Fig. (1) to simplify the complex pore-grain 
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system. Combined with the Archie formulae, the tortuosity is 
given by Hong [12]. 
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Where L
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is the equivalent length of conductive path (or 
seepage path), L is the length of capillary bundle, 
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Fig. (1). Physical mode of capillary bundle pore-rock systemCom-

bining Formula (1) and Formula (2), the absolute permeability can 

be expressed as.  
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Two phase (oil and water) percolation problem is dis-
cussed in this paper for convenience. Water is the conductive 
phase and oil is the non-conductive phase. If the shape factor 
and porosity are constant parameters during the displacing 
process, the effective permeability of water is given by For-
mula (4). 
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Where 
w

F  is the apparent formation factor which means 
formation factor under different water saturation
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grain  is the ratio of pore surface 
to volume when core is partly saturated with water. 

By the definition, the relative permeability is the ratio of 
effective permeability to absolute permeability. The relative 
permeability of water is derived by Formula (3) and Formula 
(). 
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Formula (5) is the new analytical model we presented for 
the calculation of the relative permeability of water. The 
relative permeability of water is mainly controlled by two 
kinds of parameters, where we summarized as static and dy-
namic parameters. The static parameters are related to porous 
rock’s intrinsic property, such as porosity, the ratio of sur-
face to volume, shape factor, and so on, the dynamic parame-
ters are related to fluid property, such as fluid saturation and 

displacing state. However, we cannot solve Formula (5) di-
rectly without any assumptions. 

3. MODEL SOLUTIONS FOR DIFFERENT DISPLAC-
ING STATE 

The ratio of surface to volume under different water satu-
ration, the apparent formation factor under different water 
saturation and the water saturation are key parameters to 
obtain the relative permeability of water. We extend the con-
cept of formation factor to get apparent formation factor un-
der different water saturation. The apparent formation factor 
is defined as ratio of the resistivity of rock when partly satu-
rated with water to the resistivity of water. 

 

F
w
=

R
t

R
w

 (6) 

Where 
 
R

t
 is the resistivity of rock when partly saturated 

with water, R
t
 is the resistivity of water and F

w
 is the ap-

parent formation factor. 

Archie (1942) defined the formation factor as the ratio of 
the resistivity of rock when fully saturated with water to the 
resistivity of water. 
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Where 
  
R

0
 is the resistivity of rock when fully saturated 

with water, 
 
R

w
 is the resistivity of water and  F is the forma-

tion factor. 

Combing Formula (6) and Formula (7), we can get the ra-
tio of apparent formation factor to formation factor, which 
can be expressed as: 
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It is noted that Formula (8) is a different expression of 
the Archie formulas. We can reshape Formula (8) to: 
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Where n  is the saturation index and 
 
S

w
 is the water 

saturation. 

  
V

w
/ V  is the ratio of the water volume to the pore vol-

ume and can be expressed as: 
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Where 
 
V

w
 is the water volume and  V is the pore volume. 

By combination of Formula (9) and Formula (10), the 
relative permeability of water can be converted to: 
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For water-oil two phase percolation system, if oil uni-
formly coats the walls of capillary bundle with the increase 
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of oil saturation during the oil displacing process, the radius 
of the water-filled pore space will be reduced. The pore sur-
face will be occupied mostly by oil with the increase of oil 
saturation. Fig. (2) depicts the cross section when the dis-
placing reaches steady state. If the radius of capillary bundle 
is a , the radius of water ring in the capillary bundle is 

r
a (where

r
a a< ), the ratio of the water ring cross section 

surface area to capillary cross section surface area can be 
expressed as: 
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Water saturation in capillary bundle can be expressed as: 

  

S
w
=

V
w

V
=

a
r

2
L

a
2
L
=

a
r

2

a
2

  (13) 

Substituting Formula (13) into Formula (12), the ratio of 
the water ring cross section surface area to capillary cross 
section surface area can be revised to: 
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Combing Formula (14) and Formula (11), we have: 

K
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Formula (15) is the water phase relative permeability 
model when oil coats capillary walls during the oil displac-
ing water process. 
 

 

Fig. (2). Cross section parameters of capillary model when oil coats 

capillary walls. 

 
 If oil is mostly occupies the capillary centers during the 
oil displacing process, the water will be distributed in the 
space between capillary wall and oil ring. Fig. (3) is the 
cross section when the displacing reaches steady state. If the 
radius of capillary bundle is  a , the radius of oil ring in the 
capillary bundle is 
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Where 
 
V

w
 is the water volume,  V is the pore volume and 

L is the length of capillary bundle. 

 

Fig. (3). Cross section parameters of capillary model when water 

coats capillary walls. 

 
The ratio of the water ring cross section surface area to 

capillary cross section surface area can be expressed as: 
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Where
 
A

w
is the water ring cross section surface area and 

 A  is the capillary cross section surface area. 

The ratio of the water ring cross section surface area to 
capillary cross section surface area is higher when the oil is 
occupies the capillary centers than the oil coats the capillary 
walls. 

Substituting Formula (16) and Formula (17) to Formula 
(11), when oil occupies capillary centers during the oil dis-
placing process, the relative permeability of water can be 
expressed as. 
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FormulaFormula (15) and Formula (18) are two relative 
permeability models of water under different displacing state 
with the theory of coupled electricity-seepage and capillary 
bundle pore structure. Whereas displacing states, the relative 
permeability of water only relates to water saturation and 
saturation index, which is simpler than ever. 

4. EXPERIMENTS AND DISCUSSIONS  

Four shaly sand cores were selected from G oilfield in 
northern China. We use oil displacing method to get the rela-

tive permeability of water and the resistivity under different 

water saturation. Least square method was used to fit the 
saturation index of each core. Table 1 is the basic parameters 

of cores. The porosity ranges from 7.49% to 23.4% the per-

meability ranges from 0.524 10
-3
μm

2
 to 359 10

-3
μm

2
 and 

the saturation index ranges from 1.532 to 1.736. The salinity 

and viscosity of water used in the experiment are 20g/l and 

0.552mPa.s separately. The viscosity of oil is 6.104mPa.s. 
All the experiments were carried out under room temperature 

(20 centigrade). 

Figs. (4-7) Show comparisons between the measured data 
and the fitted data of models, and the error bars of the two 
models we presented. The black points are measured data, 
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Table 1.  Basic property of samples. 

Sample Lithology /% K/10
-3
μm

2
 n 

1 Shaly Sand 23.4 359 1.736 

2 Shaly Sand 22.5 8.58 1.71 

3 Shaly Sand 15.2 1.54 1.302 

4 Shaly Sand 7.49 0.524 1.532 

 

 

 

(a) The relative permeability and saturation of water 

 

(b) Error bars 

Fig. (4). Relationship between the relative permeability and saturation of water, and the error bars for core sample 1. 

 
 

 

(a) The relative permeability and saturation of water 

 

(b) Error bars 

Fig. (5). Relationship between the relative permeability and saturation of water, and the error bars for core sample 1. 

 
the red points and lines are fitting curves and data by For-
mula (15) and the blue points and lines are fitting curves by 
Formula (18). The relative permeability of water is posi-
tively correlated with the water saturation. The data fitted by 
Formula (15) is more precise than that fitted by Formula 
(18). The mean square error of data fitted by Formula (15) is 
0.0454, whereas 0.0857 for the data fitted by Formula (18). 
The oil is prone to coat the capillary walls during the oil dis-

placing process. It is noted that large deviation can be ob-
served between the measured data and the fitted data in some 
cases, which can be explained that the ideal capillary bundle 
and fluid distributing state can not simulate the actual pore 
structure and fluid seepage law completely. However, the 
relative permeability of water can be obtained if there is few 
experimental data. 
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(a) The relative permeability and saturation of water 

 

(b) Error bars 

Fig. (6). Relationship between the relative permeability and saturation of water, and the error bars for core sample 1. 

 

 

(a) The relative permeability and saturation of water 

 

(a) Error bars 

Fig. (7). Relationship between the relative permeability and saturation of water for core sample 4. 

 
CONCLUSION 

This paper has outlined a new methodology to predict the 
relative permeability of water with the theory of coupled 
electricity-seepage and capillary bundle pore structure 
model. It is observed that the pore structure and fluid distri-
bution state bear direct relation to the relative permeability of 
water. 

Tortuosity and water saturation were introduced to de-
duce the relationship between relative permeability and resis-
tivity. Using capillary bundle model and Archie formulas, 
the ratio of apparent formation factor to formation factor 
(Fw/F) and the ratio of the water ring cross section surface 
area to capillary cross section surface area (Aw/A) were de-
fined, which related to the oil displacing state. 

The new analytical relative permeability model of water 
was introduced after the ratio of apparent formation factor to 
formation factor (Fw/F), the ratio of the water ring cross 
section surface area to capillary cross section surface area 
(Aw/A), saturation and saturation index were elaborated. 

Compared with models in literatures, the new model is just 
the function of saturation and saturation index, which bears 
no relation to capillary pressure and fractal dimension. The 
experiments and fitting results show that oil is likely to coats 
the capillary grain and water is more likely to coats the capil-
lary center during oil displacing water process. 
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